This paper represents a model for a financial valuation of a firm which has control on its risk as well as potential profit by choosing different business activities among those available to it. Furthermore the firm has an option of investing its reserve in a financial market consisting of a risk free asset (Bond) and a risky asset (Stock).
Introduction
In this paper we consider a firm valuation problem for a company in which the dividend stream as well as the risk exposure and investments are controlled by management. The classical paper by Miller & Modigliany [25] shows that in the case of a perfect certainty the value of the company can be equated with the net present value of the dividend distributions over the infinite horizon. There were several extensions of this model which show that Miller-Modigliany theory can be applied to the stochastic environment as well (see e.g. Sethi et al [30] , [31] and [28] ). It was shown that similarly to the deterministic case the value of a company can be equated with an expected present value of the net dividend pay-out stream. In the case when business activity, dividend distribution and investments are controlled then we associate the value of the company with the expected net present value of the dividend distribution under the optimal policy.
Irrespective of the asset pricing theory (which is not without a controversy in this case), the optimization of dividend distribution problem is interesting in its own right. For instance, optimizing dividends pay-out is a classical problem in actuarial mathematics, on which earlier work is given in e.g. de Finetti [11] , Borch [3] , [4] , Bühlmann [7] , Gerber [14] , [15] and Buzzi [8] . While our methods are rather general, the framework of a large insurance company seems to be the best illustration of the model considered.
Recently, there has been a renewed interest in the diffusion models for the corporations with controllable risk exposure and dividends distribution, e.g. Radner & Shepp [27] and Browne [5] , [6] , Paulsen & Gjessing [26] , Højgaard & Taksar [19] , [20] , Taksar [32] , Taksar & Zhou [33] and Asmussen et al. [2] . In those earlier works, in contrast to our paper, either the risk exposure or investment strategy has not been controllable. In those papers the problem is formulated and solved in the framework of controlled diffusions, see e.g. Fleming & Rishel [12] , which is also our main technical tool. In particular we deal with a so-called mixed regular-singular stochastic control problem. For other applications of control theory in insurance mathematics see Højgaard & Taksar [17] , [18] , Martin-Löf [21] , [22] , [23] , Davis [9] Asmussen & Taksar [1] and Dayananda [10] .
For a rigorous mathematical formulation of the optimization problem, we start with a probability space´ª ÁÈµ, a filtration Ø Ø ¼ and a process Ï´½ µ Ø , which is a standard Brownian motion with respect to Ø . The filtration Ø represents the information available at time Ø and any decision is made based upon this information. Grandell [16] and Dayananda [10] .
Furthermore we have a financial market, which is described by a classical BlackScholes market, that is we have a risk free asset (Bond or Bank account) whose price process È ¼ of Ï´½ µ Ø . The Black-Scholes financial market model has been used in numerous research works during the last 20 years (see a comprehensive list of references in Merton [24] or Sethi [29] ). In this paper we will refer to risky and risk free assets as Stock and Bond respectively. A control policy is described by a triple´ ´Øµ ´Øµ Ä Ø µ of stochastic processes, where ´Øµ corresponds to the risk exposure at time Ø, ´Øµ the amount invested in the risky asset at time Ø and Ä Ø corresponds to the cumulative amount of the liquid assets distributed up to time Ø. When applying policy we denote by Ø the resulting reserve process or liquid assets of the company. The initial reserve ¼ (independent of ) is a ¼ -measurable random variable, however without loss of generality we can assume that it is equal to a deterministic value Ü. The dynamics for Ø is then given
In insurance the parameter ´Øµ corresponds to the retention level, which is the fraction of all incoming claims that the insuring company will cover by itself. The equation (1.1) is derived under the condition in actuarial science called cheap reinsurance. This means that the reinsuring companies have the same safety loading as the insuring company. Furthermore it is assumed that the reserve, which is not invested in Stock, is invested in Bond. rather depends on our policy. We will call the bankruptcy time.
The objective is to find the optimal return function, which is defined as Î´Üµ ×ÙÔ ¾¥ Î ´Üµ (1.4) and to find an optimal policy £ that satisfies Î´Üµ Î £´Üµ for all Ü.
If Ñ Ü´Ö ¼ Ö ½ µ then the investment will meet the loss of wealth due to discounting. In this case Î´Üµ ½ and there are infinitely many policies whose value coincide with Î´Üµ. For Ñ Ü´Ö ¼ Ö ½ µ the situation is opposite: Î´Üµ ½ and there exists a nontrivial policy whose return coincides with Î´Üµ. It is interesting to notice that in the "borderline" case, when Ñ Ü´Ö ¼ Ö ½ µ , the optimal return function Î´Üµ is finite but no optimal policy exists, rather only -optimal. This situation is similar to that of Højgaard & Taksar [20] .
The following result is important for understanding the structure of the optimal return function. Ñ Ô ¼, the qualitative structure of risk control and dividend distribution policy is similar to the above, while the optimal investment policy consists of investing everything in Bond. In Section 5 we give a brief description of the situation when the condition Ñ Ü´Ö ¼ Ö ½ µ is violated. In Section 6 we make numerical approximations of the optimal policies and give an economic interpretation of the results obtained in this paper.
The HJB-equation
The control problem (1.1)-(1.4) is a mixed singular/regular stochastic control problem and the following results are well-known. For a proof see e.g Højgaard & Taksar [19] or Fleming & Soner [13] . Let 
Our first step would be to find a solution to (3.1), (2.5) . In order to do that we have to consider several cases depending on whether or not the maximum in the left hand side of (3.1) is attained at the boundary of the region ´Üµ, defined by (2.1). Assume maximum is attained in the interior of ´Üµ. Then by differentiation we can find the maximizing functions
A general solution of (3.4) and (2.5) can be found from scratch:
where
and ½ is a free constant. The maximizing functions are then
The expression (3.7) must satisfy the constraint ´Üµ Ü for (3.5) being a solution to 
Ï ¼¼´Ü µ Ñ ¼ Ô Ï ¼´Ü µ ´Üµ (3.10) and substituting this expression into (3.9) we come to
Since Ï ¼´Ü µ ½ we can divide by this quantity and rearrange the terms to obtain
Here ¾ and ¿ are free constants. Since we are looking for a smooth solution to (3.1), (2.5) we need to have ´Ü ¼ µ ´Ü ¼ ·µ, which shows that those two constants can not be chosen independently of one another. In particular choosing ¿ Ü ¼ we get the following relation
As a result
To justify invertibility of the function it is sufficient to check that ´Ýµ ¼ for all Ý ¼ . Inserting ¼ in the denominator of the above expression we obtaiń
Since the denominator of the rhs. of (3.17) is an increasing function of Ý for all Ý ¼, the positivity of ´Ýµ , for all Ý ¼ follows from the above inequality. From the definition of ´Üµ we have 
Equation ( 
For Ü ½ Ü Ù ½ we conjecture ´Üµ ½ and ´Üµ Ü for all Ü ¾ Ü ½ Ù ½ ℄. In this case Ï must satisfy
Recall that Ï ¼´Ü µ ½ for Ü Ù ½ . Therefore in order for Ï to be twice continuously differentiable on the whole real line we must find a solution to (3.22) 
Thus as Ù decreases from Ù ¼ to Ü ½ the function ´Ùµ continuously decrease from a value larger than 1 to 1, whereas the function ´ ´Ùµµ continuously increases from 0 to a value greater than 1. Hence there exists Ù ½ ¾´Ü ½ Ù ¼ µ such that ´ ´Ù ½ µµ ´Ù ½ µ.
This choice of Ù ½ and ´Ù ½ µ ensures the value and the first derivative of Ï to be equal at Ü ½ . Equality of the second derivatives follows then from the differential equations that Ï satisfies on both sides of Ü ½ and the fact that ´Ü ½ µ Ü ½ . ¾
In Paulsen & Gjessing [26] it is shown that a solution of (3.22) is Ï´Üµ ´Ü · ½µ · ´Ü · ½µ (3.24) where are free constants and
As in Højgaard & Taksar [20] we can solve for all the unknown constants and get
where Ü ¼ is given by (3.8), Ü ½ is a root of (3.19), Ï satisfies (3.9) with a constant on the right hand side. We need to show that this constant is equal to zero. To this end it is sufficient to consider Ü Ü ¼ ·. We know that due to the continuity of the derivatives up to second order, the relation (3. 
where we have used (3.37) several times. Therefore it is sufficient to prove that
which is true for all Ü Ü ½ due to the fact that Ü ½ is the only root of (3.20) (see the proof of Lemma 3.1).
To prove (3.35) we use (3.36) to see that 
The rest is the same as in the proof of Lemma 3.3.
¾
We can write a solution to the HJB-equation as 
Since Ö ½ it is sufficient to verify the above inequality for Ü ¼ . Inserting the expression for ¼ given by (3.14) we come to the inequality
which is the basic assumption of this theorem. where Ñ Ô is risk premium. When Ñ Ô ¼ the expression for ´Üµ given by (4.2) is non-positive. In this case we conjecture that the maximizing function ´Üµ equals 0.
The next subsection is devoted to analyzing this case.
The case of
A solution to this equation as well as the corresponding problem was found in Højgaard & Taksar [20] . There it is shown that (4.4) has a unique solution Ï , which can be described in the following way
½ a free constant and
Existence of a solution to (4.8) and ½ Ù ½ such that Ï is twice continuously differentiable solution to (4.4) is proved in Højgaard & Taksar [20] . For Ü Ù ½ the function Ï is Ï´Üµ Ï´Ù ½ µ · Ü Ù ½ .
The case of Ñ Ô ¼
In this case we substitute the expressions of (4.2) into (4.1) and get
Again we seek a solution Ï to (4.9) and (2.5) in the form Ï´Üµ ½ Ü (4.10) and find that must satisfy 
Taking Cesaro averages we get Since ´Ö ½ · Ö ¼ µ ¾ and ¼´Ü µ ½ the left hand side of (4.24) is an increasing function at Ü. This implies ¼´Ý µ ½ for all Ý Ü. ¾
In view of (4.18), we can express Ï´Üµ through ´Üµ for Ü Ü ¼ . As a result we can write Ï in the form
with being a free constant.
To find Ï´Üµ for Ü ¾ Ü ½ Ù ½ ℄ we set ´Üµ ½ and ´Üµ Ü. This results in the equation (3.22) . As before we have to find a solution to (3.22) on Ü ½ Ù ½ ℄ such that Ï ¼´Ù ½ µ ½ and Ï ¼¼´Ù ½ µ ¼. Note as in the previous section Ù ½ is not a priori given rather it has to be determined together with the solution Ï .
Lemma 4.4
There exist constants and Ù ½ Ü ½ and a twice continuously differentiable function Ï such that Ï´Üµ is given by (4.25) for Ü Ü ½ and satisfies (3.22) for Ü ½ Ü Ù ½ with Ï ¼´Ù ½ µ ½ and Ï ¼¼´Ù ½ µ ¼.
Proof As in the proof of Theorem 3.3 we start with the function Ï ´Üµ defined by 
Similarly to (3.29) we can write the solution in the following form
and all the other constants are the same as in the previous section. 
Therefore it is sufficient to prove that 
The left hand side of the above inequality equals The simplest situation would be the one in which Ñ Ü´Ö ¼ Ö ½ µ . In this case an economic analysis shows that the optimal return function is infinite and there should be infinitely many optimal policies. [20] numerical evidence are given that the rate of convergence is very small.
Numerical results
In this section we present computations of the optimal feedback risk control and investment control policies as well as the optimal maximal reserve level for various choices of exogenous parameters. We consider only the case of ¼ Ñ Ô ½ £ , when the optimal investment policy is non-trivial. We choose to display £´Ü µ ´Üµ Ü, which is the fraction of the reserve invested in Stock rather that ´Üµ. In all calculations ¼ ¼ and ¾ ¾ are fixed. In Figure 1 and it turns out the £ changes very slowly as a function of È . There is a natural economic explanation for this phenomenon. When the reserve is low and the risk premium is small it is not worth of taking a risk by assuming a high position in Stock in view of a large probability of bankruptcy.
In Figure 3 we have increased the value of Ñ Ô by decreasing Ö ¼ . Comparing Figure 3 and Figure 1 we see that again Ü ½ has not changed significantly but £´¼ µ is higher for low values of Ö ¼ . This has a natural explanation. With all other factors being equal, the investment in the risky asset should increase if the return on the risk free asset decreases. The major difference in these two cases is, however, in the change of Ù ½ , which increases substantially when Ö ¼ becomes small. The economic reasons for this phenomenon are not clear to us. In Figure 4 we have increased the value of . This corresponds to a much more profitable business and therefore Ü ¼ Ü ½ and Ù ½ decrease substantially. The initial low investment in Stock decreases (because £ decreases as a function of ). The economic explanation for this, is that when potential profit becomes small, one should not assume much of the "outside" financial risk in order to reduce the chances of bankruptcy in the immediate future.
To make a further investigation of the behaviour of the level Ù ½ , we have displayed Ù ½ as a function of Ö ¼ Ö ½ in Figure 5 and Generally we see that for fixed Ö ½ , Ù ½ decreases as a function of Ö ¼ . In the case when È is large we see that for Ö ½ close to , Ù ½ is very large when Ö ¼ is close to zero. This is, however, not the case when È is small. This is the same phenomenon as detected in Figure 3 and we have no good answer for that. 
